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Abstract
Ground-state energies of the one- and two-electron uraniumdimers are calculated for
internuclear distances in the range 퐷 = 40–1000 fm and compared with the previ-
ous calculations. The generalization of the dual-kinetic-balance approach for axially
symmetric systems is employed to solve the two-center Dirac equation without the
partial-wave expansion for the potential of two nuclei. The one-electron one-loop
QED contributions (self-energy and vacuum polarization) to the ground-state energy
are evaluated using the monopole approximation for the two-center potential. Inter-
electronic interaction of the first and second order is taken into account for the
two-electron quasimolecule. Within the QED approach one-photon-exchange con-
tribution is calculated in the two-center potential, while the two-photon-exchange
contribution is treated in the monopole approximation.
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1 INTRODUCTION
Heavy diatomic quasimolecules emerging in ion-ion and ion-
atom collisions attracts much interest due to the strong-field
phenomena of quantum electrodynamics, such as spontaneous
electron-positron pair production [1, 2, 3, 4, 5]. While col-
lisions of highly charged ions with neutral atoms have been
experimentally observed at the GSI Helmholtz Center for
Heavy Ion Research [6, 7], the forthcoming experiments at the
GSI/FAIR facilities will enable observation of the heavy ion-
ion collisions, up to the encounter of two bare uranium nuclei
[8].
In this work, we focus on the simple cases of one- and two-
electron uranium dimers, U183+
2
and U182+
2
. Starting with the
Born-Oppenheimer approximation we consider the ground-
state energy of the electron(s) on the basis of theDirac equation
with the Coulomb potential of two nuclei at the fixed inter-
nuclear distance 퐷. This problem was investigated previously
by a number of authors, see, e.g., Refs. [9, 10, 11, 12, 13,
14, 15, 16, 17, 18, 19, 20, 21]. While many of these works
relied on the partial-wave expansion of the two-center poten-
tial in the center-of-mass coordinate system, the different
approaches were also employed. In particular, the application
of the Cassini coordinates was studied in Ref. [18] and the
Dirac-Fock-Sturm method was used in Refs. [19, 20]. The
method presented in this work is based on the dual-kinetic-
balance approach (DKB) [22] for axially symmetric systems
[23] with the finite basis set constructed from the B-splines
[24, 25].
For two-electron system the electron-electron interaction
is taken into account within the perturbation theory. The
first-order contribution which corresponds to the one-photon-
exchange diagram is evaluated as the matrix elements of the
interaction operator with the ground-state one-electron wave
functions obtained within the dual-kinetic-balance method.
The second-order contribution (the two-photon exchange) is
evaluated within the rigorous bound-state QED approach, but
using the monopole approximation for the binding potential.
The one-electron self-energy and vacuum-polarization contri-
butions are also calculated within the monopole approxima-
tion.
22 METHOD AND RESULTS
In heavy quasimolecules the parameter 훼푍 ≃ 1 (훼 is the fine
structure constant and푍 is the characteristic nuclear charge) is
not small. Therefore, the calculations for these systems should
be done to all orders in 훼푍. For this reason, we start with the
Dirac equation for the two-center potential (ℏ = 푐 = 푚푒 = 1),[
훼⃗ ⋅ 푝⃗ + 훽 − 1 + 푉 (푍1, 푍2, 푟⃗)
]
Ψ푛(푟⃗) = 퐸푛Ψ푛(푟⃗) , (1)
푉 (푍1, 푍2, 푟⃗) = 푉푛
(
푍1, |푟⃗ − 푅⃗1|) + 푉푛(푍2, |푟⃗ − 푅⃗2|) , (2)
where 푟⃗, 푅⃗1,2 are the coordinates of the electron and nuclei,
respectively, 푍1,2 are the nuclear charge numbers, 푉푛(푍, 푟) is
the nuclear potential. We consider the identical nuclei, 푍1 =
푍2, with the Fermi model of the nuclear charge distribution.
The solutions of Equation (1) are obtained within the
dual-kinetic-balance approach, which allows one to solve the
problem of the spurious states. It was developed in Ref. [22] for
the Dirac equation with the central binding potential and later
generalized to the axially symmetric case [23]. In the latter
work, an atom in external homogeneous field was considered.
We have adapted this approach for the two-center potential
푉 (푍1, 푍2, 푟⃗) of two nuclei. The considered system is axially
symmetric and the 푧-axis is chosen along the internuclear vec-
tor 푅⃗2 − 푅⃗1. Therefore, the 푧-projection of the total angular
momentum 푚퐽 is conserved and the wave function can be
written as
Ψ(푟, 휃, 휑) =
1
푟
⎛⎜⎜⎜⎜⎜⎝
퐺1(푟, 휃)푒
푖(푚퐽−
1
2
)휑
퐺2(푟, 휃)푒
푖(푚퐽+
1
2
)휑
푖퐹1(푟, 휃)푒
푖(푚퐽−
1
2
)휑
푖퐹2(푟, 휃)푒
푖(푚퐽+
1
2
)휑
⎞⎟⎟⎟⎟⎟⎠
, (3)
The (푟, 휃)-components of the wave function are represented
using the finite-basis-set expansion:
Φ(푟, 휃) =
⎛⎜⎜⎜⎜⎝
퐺1(푟, 휃)
퐺2(푟, 휃)
퐹1(푟, 휃)
퐹2(푟, 휃)
⎞⎟⎟⎟⎟⎠
≅
4∑
푢=1
푁푟∑
푖푟=1
푁휃∑
푖휃=1
퐶푢
푖푟 푖휃
Λ퐵푖푟 (푟)푄푖휃 (휃)푒푢 (4)
where
Λ =
(
1 −
1
2
퐷푚퐽
−
1
2
퐷푚퐽 1
)
, (5)
퐷푚퐽 = (휎푧 cos 휃 + 휎푥 sin 휃)
(
휕
휕푟
−
1
푟
)
+
1
푟
(휎푥 cos 휃 − 휎푧 sin 휃)
휕
휕휃
(6)
+
1
푟 sin 휃
(
푖푚퐽휎푦 +
1
2
휎푥
)
,{
퐵푖푟(푟)
}
are B-splines,
{
푄푖휃
}
are Legendre polynomials of the
argument 2휃∕휋 − 1, and 푒푢 are the standard four-component
basis vectors, see Ref. [23] for details.
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FIGURE 1Ground-state binding energy of one-electronU183+
2
quasimolecule calculated with the two-center potential (red) in
comparison with the monopole approximation (blue). Colored
dots (blue and red) correspond to the data from Ref. [21].
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FIGURE 2 Self-energy (blue) and vacuum-polarization (red)
contributions in the monopole approximation. Colored dots
(blue and red) correspond to the data from Ref. [21].
2.1 One-electron system
First we consider the one-electron U183+
2
quasimolecule. The
energy of the ground 1휎푔 state is calculated in the range of the
internuclear distances퐷 = 40–1000 fm. In the calculations we
use up to 푁푟 = 325 radial basis functions and up to 푁휃 = 54
angular basis functions. The convergence of the results with
respect to the number of basis functions allows us to estimate
the numerical uncertainty of the two-center calculations as
50 eV or less in the entire range of퐷. For comparison, we also
consider the monopole approximation, which corresponds to
the spherically symmetric term of the multipole expansion of
the two-center potential, Equation (2). The calculations in the
monopole approximation are performed within the usual DKB
approach with by far better accuracy.
The results are presented in Figure 1 along with the data
from Ref. [21]. One can see that there is the nearly constant
gap between the two-center and the monopole results, which
3varies from 24.5keV at 40 fm to 29 keV at 1000 fm. We men-
tion also a systematic difference between our values and the
values of Ref. [21]. This difference퐸
(this work)
1휎푔
−퐸
(ref. [21])
1휎푔
shifts
monotonically from 350 eV at 40 fm to −1400 eV at 1000 fm.
We also calculate in the monopole approximation the con-
tributions of the self-energy and the vacuum polarization (in
the Uehling approximation). To this end, we use the previ-
ously developed methods based on the DKB finite basis set,
see, e.g., Ref. [26] for review and more recent works [27, 28,
29, 30]. The results are shown in Figure 2. The monopole-
approximation values from Ref. [21] are given for comparison.
Towards the smaller internuclear distances, one can see the
strong enhancement of the QED effects as well as the grow-
ing deviation from Ref. [21]. The reasons of the observed
deviations for one-electron system are unclear to us.
2.2 Two-electron system
Let us now consider the two-electron U182+
2
quasimolecule.
For so high nuclear charge, the independent-electron approx-
imation is a quite reasonable starting point. To zeroth order,
the ground-state energy is just the doubled one-electron 1휎푔
energy. The interelectronic interaction can be taken into
account by means of the perturbation theory. The first-order
contribution corresponds to the one-photon-exchange diagram
and is given by
Δ퐸1ph = ⟨↑ ↓ | 퐼(0) | ↑ ↓⟩ − ⟨↑ ↓ | 퐼(0) | ↓ ↑⟩ , (7)
where the arrows denote the 1휎푔 states with 푚퐽 = ±1∕2.
We use the interelectronic-interaction operator in the Feynman
gauge,
퐼(휔) = 훼
1 − 훼⃗1 ⋅ 훼⃗2
푟12
exp
(
푖 |휔| 푟12) , (8)
where 휔 is the energy of the exchanged photon and 훼⃗푖 is the
vector of the Dirac 훼-matrices, which act on the 푖th elec-
tron. We note that the evaluation of the matrix elements in
Equation (7) is rather involved in the present case. In con-
trast to the spherically symmetric systems, the partial-wave
expansion of 퐼(휔) yields nonzero contributions up to the infi-
nite angular momenta and has to be truncated according to its
convergence. In addition, the numerical integration over the
four variables, 푟1, 푟2, 휃1, and 휃2 is implied. The results for the
one-photon-exchange contribution are displayed in Figure 3.
The second-order (the two-photon-exchange) contribution
is calculated within the monopole approximation. The calcu-
lations are performed within the rigorous QED approach valid
to all orders in 훼푍 and within the Breit approximation. We
refer again to the review [26] and to the more recent papers
[27, 28, 29, 30] for details on the general formulae and the
computational methods for this problem. The results obtained
for the ground state of the U182+
2
quasimolecule are presented
in Figure 4.
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FIGURE 3 The one-photon-exchange contribution to the
ground-state energy of the two-electron U182+
2
quasimolecule
calculated in the two-center potential and in the monopole
approximation of the potential.
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FIGURE 4 The two-photon-exchange contribution to the
ground-state energy of the two-electron U182+
2
quasimolecule
calculated in the monopole approximation calculated within
the rigorous QED approach and within the Breit approxima-
tion.
3 CONCLUSION
In this work, the application of the dual-kinetic-balance
approach to the two-center Dirac equation with axial sym-
metry has been demonstrated. The ground-state energy of
one-electron uranium-uranium quasimolecule has been cal-
culated and compared with the the monopole-approximation
results and to the previous calculations [21]. The one-loop
QED corrections have been obtained within the monopole
approximation and compared also with Ref. [21].
For the ground state of two-electron uranium-uranium
quasimolecule, the one-photon-exchange contribution has
been calculated for the two-center potential. The two-photon-
exchange has been calculated within the monopole approx-
imation for the binding potential. A significant increase of
4these contributions at small internuclear distances has been
observed.
The calculations presented in this work and their extension
to the excited states and different nuclei are relevant for inter-
pretation of the quasimolecular radiation spectra in heavy-ion
collisions.
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